Abstract-In this article, a set of closed-form expressions is proposed to predict the resonant frequency, quality factor, input impedance, bandwidth efficiency, directivity and gain for a coax-fed electromagnetically coupled stacked rectangular patch antenna. The computed results obtained with the present model are compared with the experimental and HFSS simulated results. The present model shows less error against the experimental and simulated results.
INTRODUCTION
Today, microstrip patch antennas are installed in portable wireless equipments, aircraft radomes, missiles, satellites and various radars [1] . Microstrip patch antennas possess many advantages such as low profile, light weight, small volume, and easy implementation. However, due to their resonant behavior, they radiate efficiently only over a narrow band of frequencies, with bandwidths typically only a few percent (about 5%) [2] . Due to this inherent limitation, the patch antenna is the major obstacle that restricts wide applications. Various radars and telecommunication systems employ multiband (broad bandwidth) characteristics. Therefore, the design and development of broad-band techniques are very important to enhance the bandwidth of microstrip antennas.
While maintaining the advantages of conventional single patch microstrip antennas, microstrip antennas of stacked configurations, consisting of one or more conducting patches parasitically coupled to a driven patch, overcome the inherent narrow bandwidth limitation by introducing additional resonances in the frequency range of operation, achieving bandwidths up to 6-20%. In addition, stacked microstrip configurations have achieved higher gains and offer the possibility of dual-frequency operation [3] . Today, the stacked patch antennas are used in radars, mobile, satellites, UHF RFID, MIMO and reconfigurable antennas [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Thus, the accurate computation of resonant frequency, input impedance, quality factors, bandwidth and gain of stacked patch antenna is very important to install properly in wireless equipments.
Stacked patch antennas have been investigated by several researchers reported in [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Among them, most of the articles [15] [16] [17] [18] [19] [20] are experiment based, and some of the articles [21] [22] [23] are based on numerical methods. The useful parameters of a probe-fed electromagnetically coupled stacked rectangular patch antenna (PFEMCSRPA) are computed by numerical techniques [21] [22] [23] and also by commercial software [25] . The numerical methods are rigorous and computationally slow. So, they are not suitable for the design oriented interactive computer-aided design (CAD) for the direct synthesis of PFEMCSRPA. The CAD oriented conformal mapping, cavity model and single resonant parallel L-C-R circuit are ideal for design purpose because it is very simple, easy to analysis, takes less computational time and can be directly applied to the CAD programs.
To the best of our knowledge, only one article [24] is available in open literature which provides the closed form expressions. However, this model has some drawbacks: (i) the lower cavity is treated as an uncovered patch, but the lower cavity is actually a patch covered with dielectric layer [26] ; (ii) the fringing field effect, i.e., the effective patch length b 1eff of lower patch has not been considered, but the fringing field effect very much depends on relative characteristics of substrates and dielectric cover layers [27] ; (iii) it considers both the patches with the same ground plane, but the lower patch is treated as ground plane of upper patch [26] ; (iv) it studies only the resonant frequency; (v) the design guideline has not been presented for quality factor, efficiency, directivity, gain and input impedance; and (vi) it has not considered the coupling between lower and upper patches.
We have addressed these problems and proposed a simple model based on conformal mapping, cavity model and single resonant parallel L-C-R circuit to predict accurately the resonant frequency, input impedance, quality factor, efficiency, directivity and gain for a PFEMCSRPA as shown in Fig. 1 . This model is very simple, efficient, fast and employs fewer mathematical steps. Microstrip is an old topic. So, we have employed an old theory for developing the present model. Though the present model employs the old theory or model, it is very efficient to overcome the disadvantages of the previous closed form model [24] . This efficient model is capable of predicting accurately above characteristics for wide range of variations of antenna, substrate and superstrate geometric and electrical parameters. The expressions for this model are introduced in Section 2. Section 3 includes the experimental tests. In Section 4, we present the predicted, measured and simulated results.
THEORY
The structure under study is shown in Fig. 1 , divided into two cavities: lower and upper cavities. The lower patch is termed as a driven patch, and it is excited by a coaxial probe. The upper patch is called a parasitic patch which is not excited by a coaxial probe, but it is electromagnetically coupled with lower patch. The lower and upper cavities have their own resonances, and they are in parallel [3] .
Lower Cavity
The lower cavity is analyzed as a rectangular patch in multi-dielectric layers [26] as shown in Fig. 2 . Figure 2 . Geometry of lower cavity.
Effective Permittivity
When a patch is in multi-dielectric layers, the fringing field between the patch and ground plane is changed, and this effect is accounted for by the effective permittivity ε r ,eff 1 . The effective permittivity for this structure (Fig. 2) is obtained as [28, 29] :
where, p 1n , p 2n , p 3 and p 4 are the dielectric filling fractions. The derivation of ε r ,eff 1 and the computational details of these filling fractions are presented in Appendix A.
Effective Patch Length
The effective patch length b 1eff is defined as
(2) here, q b1 is the fringing field factor which strongly depends on the relative characteristics of substrate and superstrates.
The q b1 for this structure is obtained from [30] as
Resonant Frequency
The dominant mode resonant frequency of a rectangular patch covered with several dielectric layers as shown in Fig. 2 can be expressed by the following formula for conventional geometry [29] :
where, c is the velocity of light in free space, ε r ,eff 1 the effective permittivity defined in Eq. (1), and b 1eff the effective patch length obtained from Eq. (2).
Quality Factor
The total quality factor (Q T 1 ) consists of quality factor due to radiation loss Q r1 , quality factor due to dielectric loss Q d1 and quality factor due to conductor loss Q c1 . The Q T 1 is defined as
The Q r1 is defined as [31] :
where, ε r ,eff 1 is defined in Eq. (1), and f r1 is obtained from Eq. (9) . The computational details of p 1n , p 2n and p 3 are given by Appendix A.
Efficiency, Directivity and Gain
The efficiency (η 1 ), Directivity (D 1 ) and gain (G 1 ) can be computed as [3] :
The derivation of ε rr is provided in Appendix A (A11).
Input Impedance
The current through the central conductor of the probe produces an inductive reactance which is in series with the patch reactance itself. The feed reactance X F may be obtained from [32] as
here, d 0 is probe diameter, f r1 defined in Eq. (9) , and the derivation of ε rr presented in Eq. (A11) of Appendix A.
Based on the cavity model analysis, the lower rectangular patch can be treated as a resonant cavity modeled by a single resonant parallel L 1 , C 1 and R 1 circuit as shown in Fig. 3 . So, the input impedance seen by a coaxial probe located at a distance ρ from the centre of the patch is obtained as [33] :
where,
where ε r ,eff 1 is determined from Eq. (1), f r1 given by Eq. (9), and Q T 1 obtained from Eq. (10). 
Upper Cavity

Effective Permittivity
The lower patch is treated as a ground plane of upper patch [26] , and the upper patch is analyzed as a rectangular patch on two dielectric layers as shown in Fig. 4 . The effective permittivity of this two-layer structure ( Fig. 2 ) is obtained as [34] : Figure 4 . Geometry of upper cavity.
here, ε re is the equivalent relative permittivity of the medium below the patch, and ε r,dyn is dynamic permittivity. The term ε r ,eff 2 is introduced to take into account the effect of ε re , the equivalent permittivity of the medium below the patch in combination with the dynamic permittivity ε r,dyn to improve the model. The computational details of ε re and ε r,dyn are presented in Appendix B. The sizes of the lower and upper patches may be same or different.
Effective Patch Length
The effective patch length for this cavity is obtained as
The derivation of q b2 is presented in Eq. (B13) of Appendix B.
Resonant Frequency
The dominant mode resonant frequency for the upper patch is defined as [33] :
with ε r ,eff 2 and b 2eff given by Eqs. (24) and (25), respectively.
Quality Factor
The field radiated from the lower patch depends on the lower substrate. A thicker lower substrate will increase the radiated power from the lower patch. A lower patch stops resonating for lower substrate thickness greater than 0.11λ 0 (ε r1 = 2.5). The dielectric constant of lower substrate plays a role similar to that of its thickness. A low value of ε r1 for the substrate will increase the fringing field at the patch periphery, and thus the radiated power [3] . The fields that radiate from the lower patch are coupled with the upper patch [26] . So, the lower substrate will affect the upper cavity. Q T 2 is defined as [26] : (27) here h/h 1 represents the coupling factor. Q r2 is defined in [30] as
where ε r ,eff 2 is defined in Eq. (24), and f r2 is obtained from Eq. (26) . Q d2 and Q c2 can be computed as [35] :
here α d is the dielectric loss, and α c is the conductor loss. The computational details of α d and α c are available in [36] :
α f eed is the loss due to the feed, and it can be neglected. ε r ,eff 2 , ε re and f r2 are given by Eqs. (24), (B1) and (26), respectively.
Efficiency, Directivity and Gain
The efficiency (η 2 ), Directivity (D 2 ) and gain (G 2 ) can be computed as [3] :
Input Impedance
Like the lower patch, the upper patch is also treated as a resonant cavity modeled by a single resonant parallel L 2 , C 2 and R 2 circuit as shown in Fig. 5 . The input impedance of upper cavity is defined as
here,
R r2 is obtained from [37] as
with ε r ,eff 2 defined in Eq. (24), q a2 obtained from Eq. (B14), and Q T 2 given by Eq. (27). 
ANTENNA DESIGN AND EXPERIMENTAL TESTS
The prototypes are etched on a Taconic substrate having a 1 = a 2 = 30.0 mm,
The lower patch is excited with a coaxial probe of diameter d = 1.24 mm located at a distance ρ = 8.0 mm as shown in Fig. 1 .
To validate the models developed in Section 2, we perform some of the experiments using Network Analyzer Agilent E5071B. The measured resonance is defined as the maximum resistance point. We have previously mentioned in Sections 2.1 and 2.2 that the lower patch is analyzed as a patch covered with multi-dielectric layers, and upper patch is analyzed as a patch without dielectric cover. The effective permittivity of microstrip structure is enhanced, and thus the fringing field effect is decreased for a patch covered with multi-dielectric layers compared to the patch without dielectric cover [28, 29] . Thus, the resonant frequency for a dielectric covered patch antenna is lowered compared to the patch without dielectric cover. So, the lower resonance is treated for lower patch, and upper resonance is considered for upper patch.
RESULTS AND DISCUSSIONS
In this section, we present the theoretically predicted, simulated and measured results for the resonant frequency, quality factors, bandwidth, efficiency, directivity, gain and input impedances for this structure.
Three Layers Structure with Both Driven and Parasitic Patches
In Table 1 , we compare the computed resonant frequencies employing the present model with the results of model reported in [24] and HFSS [25] 
The computed resonant frequencies employing the present model and the model reported in [24] along with corresponding HFSS resonant frequencies of two patches versus the thickness of the layers are presented in Table 2 . The permittivities of the layers are assumed as ε r1 = ε r2 = ε r3 = 2.5, and the dimensions of both patches are considered to be a 1 = a 2 = 45.0 mm and b 1 = b 2 = 37.0 mm. The errors in results of present model and model in [24] are calculated against HFSS simulation results. The total average error indicates that the present model more accurately computes the resonant frequencies. Table 2 . Comparison of theoretically predicted resonant frequencies and HFSS simulated resonant frequencies for a three-layer stacked rectangular patch antenna with different sets of thickness of the layered substrate. 
The required frequency separation (f r2 − f r1 ) can be obtained by adjusting the parameters and thickness of the layers. Once f r2 and f r1 are determined, the bandwidth can be enlarged considering the center frequency as the matching frequency given by f r = 0.5 × (f r1 + f r2 ). The required frequency separation can also be obtained by adjusting the dimensions of the patches. There is a mutual coupling between the two resonances. The mutual coupling between two resonances is not adjusted by the change of dimensions of the patches, but the substrate thickness and permittivity variation between two resonators adjust the mutual coupling between them resulting in wide bandwidth [3] . Thus, we consider the variation of dielectric structure instead of variation of dimensions of patches.
The computed resistance (R) and reactance (X) curves employing the present model are compared with HFSS simulated curves in Fig. 6 , and very good agreements are observed between them. The parameters for this study are considered as a 1 = a 2 = 45.0 mm, b 1 = b 2 = 37.0 mm, h 1 = 1.0 mm, h 2 = h 3 = 0.508 mm, ε r1 = ε r2 = ε r3 = 2.5, tanδ 1 = tanδ 2 = tanδ 3 = 0.0025 and ρ = Γ = 15.00 mm.
In Fig. 7 we compare the computed R and X curves employing the present model with our experimental curves for two different air dielectric spacings ( The comparison between our measured R and X curves and computed curves employing the present model for two different PTFE dielectric spacings (h 2 = 0.508 with ε r2 = 2.2 mm and 0.7875 mm with 2.33) in between lower patch and the substrate of upper patch in Fig. 8 . The parameters for this study are considered as a 1 = a 2 = 30.0 mm, b 1 = b 2 = 30.0 mm, h 1 = h 3 = 0.7875 mm, ε r1 = ε r3 = 2.33, tanδ 1 = tanδ 3 = 0.001 and ρ = Γ = 8.00 mm. The second resonance is disappearing in this case [24] .
The structure presented in Section 4.1, which is a three-layer structure and contains two patches, is in stacked configuration, and Section 4.2 represents the two-layer structure with two stacked patches. Both the structures provide dual resonances. The configuration in Section 4.1 provides a large bandwidth and gain compared to the configuration in Section 4.2 [20] . In Section 4.3, only the parasitic patch is printed on two dielectric layers, and driven patch is absent. 
Two Layers Structure with Both Driven and Parasitic Patches
The computed and HFSS simulated resonant frequencies, efficiencies, directivities, gains and input impedances for lower and upper cavities with the variation of layer thickness are presented in Table 3 .
The computed values employing the present model agrees well with the simulated ones. In Fig. 9 , the computed input resistance curves are compared with the HFSS simulated curves, and close agreement is seen between them. For this study, we consider the parameters as a 1 = a 2 = 30.0 mm, b 1 = b 2 = 30.0 mm, h 1 = h 3 = 0.7875 mm, h 2 = 0.0 mm, ε r1 = ε r3 = 2.33, ε r2 = 1.0, tanδ 1 = tanδ 3 = 0.001, tanδ 2 = 0.000 and ρ = Γ = 7.00 mm.
The computed, measured [21] and HFSS simulated input resistance and reactance curves are depicted in Fig. 10 . The computed curves agree very well with the HFSS simulated ones. The parameters are taken for this study as a 1 = a 2 = 45.0 mm, b 1 = b 2 = 37.0 mm, h 2 = 0.0 mm, h 1 = h 3 = 1.59 mm, ε r1 = ε r3 = 2.5, ε r2 = 1.0, tanδ 1 = tanδ 3 = 0.0025, tanδ 2 = 0.000 and ρ = Γ = 15.00 mm.
The variation of input resistance at resonance as a function of feed location for lower and upper cavities is depicted in Fig. 11 . The computed R in for lower cavity well supports the HFSS simulated results except at the edge because the cavity model does not hold good near the edge of the cavity. The discrepancy is observed between the computed and simulated values for the upper cavity. This is because we have assumed that the field radiated by the lower patch is coupled with the upper patch, and a virtual feed location Γ exists. Γ is not an actual feed location point but held as a virtual feed location point. The discrepancy is observed among the measured, HFSS and theoretical curves in Figs. 7-11. This is due to the following facts: (i) In experimental procedure, a little air gap may be present with the PTFE dielectric spacing or in between lower patch and the substrate of upper patch which cannot be avoided. So, the effective permittivity is changed, and thus the resonant frequency and input impedances are also changed. This fact will introduce errors in the model. (ii) We previously stated that the lower patch behaved as a ground plane of upper patch. So, the lower patch does not provide a large ground plane, and this fact also introduces errors in the model [9] . (iii) The fields radiated by the lower patch are electromagnetically coupled with the upper patch. Some of the fields of lower patch are shared with air, and the rest is electromagnetically coupled with the upper patch. This fact also introduces errors in the model. (iv) The virtual feed location for upper patch also produces error in the model.
Parasitic Patch with and without Air-Gap and Driven Patch is Absent
In Table 4 , we compare the dominant mode resonant frequencies employing the present model and models reported in [38, 39] with the experimental results from [40] for a rectangular patch on a single layer. The total average error shows that the present model more accurately computes the resonant frequencies. In Section 2.1, we have already mentioned that the lower patch behaves as a ground plane of the upper patch. Thus, the lower patch does not behave as the large ground plane for the upper patch. However, here we consider the large ground plane (Appendix B, Fig. B1 ) for developing the model. So, there is a little discrepancy between the measured and computed values employing the present model.
The computed input resistance and reactance curves employing the present model are compared with our measured curves in Fig. 12 , and very good agreement is revealed between them. The parameters for this study are a 2 = 30.0 mm, b 2 = 20.0 mm, h 1 = h 2 = 0.0 mm, h 3 = 0.7875 mm, ε r1 = ε r2 = 1.0, ε r3 = 2.32, tanδ 3 = 0.001 and Γ = 6.00 mm.
The variation of resonant frequency and gain as a function of air gap (h 2 ) is presented in Fig. 13 . Here we compare the computed curves with the experimental and HFSS simulated results, and very close correlation is observed between them. 
Driven Patch with Flush and Spaced Dielectric Superstrates and Parasitic Patch Is Absent
The comparison of the computed resonant frequencies employing the present model and our experimental results for a rectangular patch with spaced dielectric for different ε r3 and h 3 are shown in Table 5 . Excellent agreement is observed between them. In Table 6 , we present the computed resonant frequencies employing the present model and the model reported in [41] along with our experimental results for a rectangular patch with flush superstrate for wide range of variation of ε r3 . This comparison shows that the present model is close to the experimental and HFSS simulation results. Figure 14 depicts the comparison of computed input resistance and reactance curves with our experimental curves for a rectangular patch with flush superstrate. The close correlation is seen between them. 
CONCLUSION
In this article, a simple design guideline is proposed to investigate the resonant frequency, quality factor, bandwidth, efficiency, directivity, gain and input impedance of a stack rectangular patch antenna. The advantages of this model are the mathematical simplicity and low computation cost, and it is faster than the numerical methods and commercially available software. This model is directly applicable to the CAD programs. The computed values are compared with the experimental results available in open literature and our experimental results. We also employ electromagnetic software (HFSS) to generate some results. The present model shows much less error than the experimental and HFSS simulation results. The superiority of the model is that it is also very valid for a rectangular patch on a multilayered substrate and a rectangular patch with flush and spaced dielectric. This model is very useful for practical implementation of a patch on a multilayered substrate, patch with flush and spaced dielectric superstrate and stack rectangular patch antenna in broad band application.
APPENDIX A. DETERMINATION OF EFFECTIVE PERMITTIVITY (ε r,eff1 ), AND RELATIVE PERMITTIVITY (ε rr ) OF LOWER CAVITY
The three-layer structure shown in Fig. A1(a) is conformally mapped onto a complex g plane (g = u+jv) with results as shown in Fig. A1(b) based on the method reported in [42] for generalized multilayered microstrip. The filling fraction p i is defined as the ratio of each dielectric area S i (i = 1, 2, 3) to the entire area of the cross section S C in the g plane [43, 44] . The filling fractions p i = S i /S C for each of these three layers for the wide strip structure (a 1 /h 1 ≥ 1) are defined as [42] [41] and [42] .
The filling fraction expressions developed by [41] and [42] ignore the behavior in the limit when there is no superstrate. In this case, h 13 = h 1 , v in Equation (A4) goes to zero, and p 2 should also go to zero. However, p 2 as given in Eq. (A2), does not go to zero in this limit, indicating that the model developed in both [41] and [42] overestimates the filling fraction of the superstrate in all situations. To rectify this inconsistency, a new filling fraction p 3 equal to half the value of p 2 in the limit when h 13 = h 1 was reported in [28] :
This new filling fraction is used to modify two of the existing filling fractions, with p 1n and p 2n now given by
(A7) with p 3 given by Eq. (A3). The term a 1eff present in Eqs. (1A)-(5A) is defined as an effective line width of the lower patch and computed as
here, ε rr is the relative permittivity of an ideal single substrate microstrip structure under consideration, and ε r ,eff 1 is the composite effective permittivity of the multilayer structure. In order to compute a 1eff , a two-step iteration is considered starting with an approximation ε rr = ε r1 and ε r ,eff 1 = ε rr . Once ε r ,eff 1 and ε rr are determined using this first value of a 1eff , Eq. (A8) is employed to compute the effective line width a second time.
The distribution and propagation of the electric field lines within the structure under test can be best explained by [28] . As shown in Fig. A2 , the electric field flux lines are capable of following three different paths in the structure under study. Path 1 reflects the flux within the substrate of the structure. Path 2 represents the flux that exists strictly in the superstrate and the substrate. Finally, the flux line is extended into the material above the superstrate by path 3. The derivation of effective permittivity, ε eff 1 , of the parallel plate structure visualized in Fig. A3 yields [28] : 
The computation of effective permittivity of the structure in Fig. A1(a) employing Eq. (9A) allows consideration of the structure as an equivalent microstrip structure with semi-infinite superstrate with relative permittivity equal to unity and a single dielectric substrate with relative permittivity equal to Figure A2 . Illustration of electric flux paths for the structure shown in Fig. A1(a) . Figure A3 . Proposed filling fraction arrangement for calculation of effective permittivity that preserves the electric flux paths described in Fig. 2 . The region to the extreme right (S 1 , ε r1 ) reproduces the capacitive effect of electric flux Path 1. The region containing S 2 (ε r2 ) and a portion of S 4 with relative permittivity equal to ε r1 reproduce the capacitive effect of electric flux Path 2. The remaining region to the extreme left containing S 3 (ε r3 ), S 4 (ε r2 ), and a portion of S 4 with relative permittivity equal to ε r1 reproduces the capacitive effect of electric flux Path 3.
APPENDIX B. DETERMINATION OF EFFECTIVE PERMITTIVITY (ε r,eff2 ) OF UPPER CAVITY
The rectangular microstrip patch is modeled as a cavity with a magnetic wall along the edge. This is a two-layer cavity (Fig. B1) : the upper layer has thickness h 3 with relative permittivity ε r3 , and lower layer has thickness h 2 with permittivity ε r2 . In order to give a general formulation for both the single Figure B1 . Top view and cross-sectional view of the rectangular patch antenna structure under study.
and the two-layer structures, the two-layer structure is modeled as the single-layer one having substrate thickness of h = h 3 + h 2 and an equivalent substrate relative permittivity of ε re determined under the cavity model approximations as
In order to account for the influence of the fringing field at the edge of the rectangular patch, the term dynamic permittivity is considered. The dynamic permittivity ε r,dyn depends on the dimensions (a 2 , b 2 , h), equivalent substrate relative permittivity ε re , and field configuration of the mode under study [45] . It can be expressed as
In Equation (B2), C dyn (ε) is the total dynamic capacitance of the condenser formed by the conducting patch and the ground plane separated by a dielectric of permittivity ε. C dyn (ε 0 ) is the total dynamic capacitance when ε = ε 0 . The C dyn (ε) can be written as C dyn (ε) = C 0,dyn (ε) + 2C e1,dyn (ε) + 2C e2,dyn (ε) ( B 3 )
where C o,dyn is the dynamic main field capacitance without considering the fringing field. This can be calculated as Then, a dynamic edge capacitance for each side of the patch taking into account the influence of the fringing field is calculated. The dynamic edge capacitance C e1,dyn (ε) on one side of patch length b 2
